Let X be an infinite separable locally compact metric space with metric ρ and let f : X −→ X be a continuous weakly mixing map. Let β = sup ρ(x, y) : {x, y} ⊂ X . In this note, we use a method which generalizes the classical construction of the Cantor ternary set in the unit interval [0, 1] to show that, for any countably infinitely many points x 1
The problem on the existence of dense scrambled (invariant or not) sets for continuous (topologically) weakly mixing maps on some nontrivial dynamical systems have long been addressed by many people, e.g., Babilonová [2] , Balibrea, Guirao and Oprocha [3] , Foryś, Huang and Li [6] , Iwanik [8] , Li and Ye [9] . Ruette [11] , Xiong and Yang [15] and Yuan and Lü [16] and so on. In this note, we re-address this problem by a different method which generalizes the classical construction of the Cantor ternary set in the unit interval [0, 1] through any continuous (topologically) weakly mixing map on some metric space in such way that at each stage we take ever more steps to construct sequences of finite unions of nested compact sets whose total sums of diameters tend to zero. Since our method works for any infinite separable locally compact metric space, in the sequel, we let (X , ρ) denote any infinite separable locally compact metric space with metric ρ.
Recall that, since X is separable, it has a countable dense subset and, since X is locally compact, for each point x in X , there is an open neighborhood U of x such that the closure U is compact. For infinite separable locally compact metric spaces, we have the following well-known result. Let f : X −→ X be a continuous map and let N denote the set of all positive integers. Let s ≥ 0 be an integer. For any point x 0 and any nonempty open sets U and V in X , since we do not know if f s (U) has nonempty interior, we define N(x 0 , V ) = {n ∈ N : f n (x 0 ) ∈ V } and N f s (U), V = {n ∈ N : f n+s (U) ∩ V = ∅}.
We say that f is (topologically) transitive if, for any nonempty open sets W 1 and W 2 in X , there is a positive integer n such that f n (W 1 ) ∩ W 2 = ∅. So, n ∈ N(W 1 , W 2 ) = ∅. In this case, N(W 1 , W 2 ) is actually an infinite subset of N. This fact will be used in the proof of Lemma 3(2) below.
We say that f is (topologically) weakly mixing if f × f : X × X −→ X × X is (topologically) transitive, i.e., for any nonempty open sets U 1 , U 2 , V 1 and V 2 in X , there exists a positive integer n such that
i.e., f n (U 1 ) ∩ V 1 = ∅ and f n (U 2 ) ∩ V 2 = ∅, or, equivalently, n ∈ N(U 1 , V 1 ) ∩ N(U 2 , V 2 ) = ∅ (in particular, f is (topologically) transitive).
For continuous weakly mixing maps. we have the following well-known Furstenberg Intersection Lemma [7] .
Since we only require the sets K r k ,j 's to satisfy f r k f s (K r k ,j ) ⊂ V j , we can choose them as small as we wish .
Proof. We only need to prove Part (2) . Since G(x 0 ) is an open cover of the compact set O f (x 0 ), it has a finite subcover, say, {G 1 , G 2 , · · · , G m }. In particular, we have
Recall that s ≥ 0 is a given integer. Suppose, for each 1 ≤ i ≤ m, there exists nonempty open sets W i and W i in X such that N f s (W i ), W i ∩ N(x 0 , G i ) is a finite set of positive integers.
Then, the finite union 
is an infinite set of positive integers, so is the set ∩ n j=1
This shows that there exist infinitely many positive integers r k = ℓ k,n,s , k ≥ 1, and corresponding compact sets
Let M be an infinite set of positive integers. Let C be a nonempty set and v a point in X . Following Mai [10] , we say that the set C is synchronously proximal (M-synchronously proximal respectively) to the point v if there exists a strictly increasing sequence < m i > i≥1 of positive integers (in M respectively) such that the diameters of the sets f m i (C) ∪ {v} tend to zero as m i tends to ∞. On the other hand, we say that C is dynamically synchronously proximal to the point v under f if there exists a strictly increasing sequence < n i > i≥1 of positive integers such that the diameters of the sets f n i C ∪{v} tend to zero as n i tends to ∞. It is possible that C is (dynamically respectively) synchronously proximal to many different points. We say that C is a Cantor set if it is compact, perfect and totally disconnected.
Let S be a subset of X with at least two distinct points and let η be a positive number. We say that S is a 0-scrambled set of f if, for any two distinct points x and y in S, we have
We say that S is an η-scrambled set of f if, for any two distinct points x and y in S, we have lim inf
We say that S is an ∞-scrambled set of f if, for any two distinct points x and y in S, we have
Let β = η or β = ∞. Inspired by Xiong and Yang [15] , we call S a β-scrambled set (with respect to M) if, for any two distinct points x and y in S, we have lim inf n→∞ n∈M ρ f n (x), f n (y) = 0 and lim sup
Theorem 4. Let (X , ρ) be an infinite separable locally compact metric space with metric ρ and let f : X → X be a continuous weakly mixing map (so, X has no isolated points). Let β be defined by putting , · · · of totally transitive points of f in X (a totally transitive point of f is a point whose orbit with respect to f n is dense in X for each n ≥ 1) such that
i.e., the set {x, c} is a (
Furthermore, if f has a fixed point and δ = inf n≥1 sup{ρ(f n (x), x) : x ∈ X } ≥ 0, then the above Cantor sets S (1) , S (2) , S (3) , · · · of totally transitive points of f can be chosen so that, for each n ≥ 1,
set of f n , and, for any point x in
Proof. For simplicity, in the following proof, we assume that f has points x i 's with compact orbit closures O f (x i )'s (such points exist when X is compact), otherwise, skip all arguments pertaining to the points x i 's. In this case, we can consider the invariant set {f i (x m ) : i ≥ 0, m ≥ 1} of f and re-name it {x
However, here we still consider the set {x 1 , x 2 , x 3 , · · · } instead of the invariant set {f i (x m ) : i ≥ 0, m ≥ 1} to demonstrate the symmetric counterpart of Lemma 3(2) with s being a negative integer.
Firstly, we introduce some notations.
Since X is a separable metric space, it has a countable open base, say
Let {v 1 , v 2 , v 3 , · · · } be a countably infinite subset of X (later we shall choose these points v i 's to show the existence of invariant scrambled sets when the weakly mixing map f has a fixed point).
For any point x 0 in X and any positive integer n, let V n (x 0 ) denote a nonempty open set in X of diameter < 1/n which contains the point x 0 . For any integers s ≥ 0, m ≥ 1 and k ≥ 1, let G s,k (x m ) be a cover of O f (x m ) of open sets with diameters < 1/k. It follows from lemma 3(2) that there exists a member G s,k (x m ) of G s,k (x m ) with diameter < 1/k such that, for any integer n ≥ 2, any compact sets K 1 , K 2 , · · · , K n with nonempty interiors and any nonempty open sets
is an infinite set of positive integers.
For any integers
We shall base our proof on a method which generalizes the classical construction of the Cantor ternary set in the unit interval [0, 1]. In the classical construction, for each ℓ ≥ 1, at the ℓ th -stage, we take exactly one step while, in our construction, at the ℓ th -stage, we take (2ℓ + 1) 2 + ℓ 2 steps.
Roughly speaking, at the first (1 st ) stage, we start with any 2 disjoint compact sets K pairwise disjoint compact sets K (1,10)
with nonempty interiors and some properties such that
at the second (2 nd ) stage, we start with any 2 2 pairwise disjoint compact sets K (2,10)
with nonempty interiors, together with the previously obtained 2 2 pairwise disjoint compact sets K (1, 10) α 0 α 1 , α i = 0, 1, 0 ≤ i ≤ 1, with nonempty interiors. Then we perform (2 + 1) 2 = 9 successive steps by applying Lemma 3(1) sccessively and then 2 · 2 · (2 + 1) + 2 · 2 2 = 20 more sccessive steps pertaining to the points x 1 and x 2 by applying Lemma 3 (2) sccessively to obtain (2·2 +1) 2 +2 2 = 29 positive integers and 2 · 2 2 +1 pairwise disjoint compact sets K (j,39)
we then proceed in this manner inductively.
We now start the construction.
At the first stage, let n 1 be any positive integer and let K be any two disjoint compact sets in U 1 with nonempty interiors the number 1 in the superscript (1, 0) indicates that these sets lie in U 1 .
By applying Lemma 3(1) to the following 2 · 2 2 sets with nonempty interiors note the subscripts of K
we obtain an integer k 1 (> n 1 ) with 1! dividing k 1 and 2 2 pairwise disjoint compact sets K
(1,1) 00
and K
, with nonempty interiors such that each diameter is so smaller than
is nonempty and, for all α 0 = 0, 1, α 1 = 0, 1,
, and 1! divides k 1 .
By applying Lemma 3(1) to the following 2 · 2 2 sets with nonempty interiors
we obtain an integer k 2 + 1 (> k 1 + 1) with 1! dividing k 2 and 2 2 pairwise disjoint compact sets K
:
we obtain an integer k 3 (> k 2 ) with 1! dividing k 3 and 2 2 pairwise disjoint compact sets K
we obtain an integer k 4 (> k 3 ) with 1! dividing k 4 and 2 2 pairwise disjoint compact sets K
(1,4)
By applying Lemma 3(2) to the following 2 · 2 2 + 1 sets with nonempty interiors and s = 0
we obtain an integer k 5 (> k 4 ) and 2 2 pairwise disjoint compact sets K
(1,5)
By applying Lemma 3(2) to the following 2 · 2 2 + 1 sets with nonempty interiors and s = 1
we obtain an integer k 6 (> k 5 ) and 2 2 pairwise disjoint compact sets K
with nonempty interiors such that
we obtain an integer k 7 (> k 6 ) and 2 2 pairwise disjoint compact sets K
10 , K
(1,7) 11
we obtain an integer k 8 (> k 7 ) and 2 2 pairwise disjoint compact sets K
α 0 α 1 , α 0 = 0, 1, α 1 = 0, 1, with nonempty interiors such that
On the other hand, for any set J in X with nonempty interior and any integer n ≥ 1, the set f −n (J) is also a set with nonempty interior. Therefore, by applying Lemma 3(2) to the following 2 · 2 2 + 1 sets with nonempty interiors and s = 0
we obtain an integer k 9 +1 (> k 8 +1) and 2 2 pairwise disjoint compact sets K
(1,9)
we obtain an integer k 10 + 1 (> k 9 + 1) and 2 2 pairwise disjoint compact sets K
(1,10)
and
Since, for each α 0 , α 1 = 0, 1, we have K
α 0 α 1 , we can summarize the arguments in the (above) first stage as follows:
Let n 1 be any positive integer and let K (1,0) 0 and K (1,0) 1 be any two disjoint compact sets in U 1 with nonempty interiors. By applying Lemma 3(1) to the following 2 · 2 2 sets K
we obtain a positive integer k 1 (> n 1 ) with 1! dividing k 1 and 2 2 pairwise disjoint compact sets with nonempty interiors K
and K 
is nonempty and,
, by applying Lemma 3 successively and appropriately, we obtain (2 · 1 + 1)
At the second stage, let n 2 be any positive integer such that n 2 > k 10 . Since the open set, as indicated above,
is nonempty, let K the number 2 in the superscript (2, 10) indicates that these sets lie in U 2 and the number 10 in the superscript (2, 10) is to keep up with the number 10 in the superscript (1, 10) above be any 2 2 pairwise disjoint compact sets with nonempty interiors in
In the following, let K
(1,10) 00
, K
) and so on.
By 
i.e., K 
we obtain an integer k [(2−1)(10·2 2 +7·2+6)/6]+1 =) k 11 (> n 2 > k 10 with 2! dividing k 11 and 2·2 3 pairwise disjoint compact sets K (j,11)
, and 2! divides k 11 .
By applying Lemma 3(1) to the following 2 · 2 4 sets with nonempty interiors
i.e., K (1, 11) 000 , K (1, 11) 001 , K (1, 11) 010 , K (1, 11) 011 , K (1, 11) 100 , K (1, 11) 101 , K (1, 11) 110 , K (1, 11) 111 ; K (2, 11) 000 , K (2, 11) 001 , · · · and so on we obtain an integer k 12 + 1 (> k 11 + 1) with 2! dividing k 12 and 2 · 2 3 pairwise disjoint compact sets K (j,12)
, with nonempty interiors such that
, where W n 2 (0) = V n 2 (a 2 ) and W n 2 (1) = V n 2 (b 2 ), and 2! divides k 12 .
we obtain an integer k 13 + 2 (> k 12 + 2) with 2! dividing k 13 and 2 · 2 3 pairwise disjoint compact sets K (j,13)
, where W n 2 (0) = V n 2 (a 2 ) and W n 2 (1) = V n 2 (b 2 ), and 2! divides k 13 .
we obtain an integer k 14 (> k 13 ) with 2! dividing k 14 and 2 · 2 3 pairwise disjoint compact sets K (j,14)
we obtain an integer k 15 + 1 (> k 14 + 1) with 2! dividing k 15 and 2 · 2 3 pairwise disjoint compact sets K (j,15)
we obtain an integer k 16 + 2 (> k 15 + 2) with 2! dividing k 16 and 2 · 2 3 pairwise disjoint compact sets K (j,16)
we obtain an integer k 17 (> k 16 ) with 2! dividing k 17 and 2 · 2 3 pairwise disjoint compact sets K (j,17)
we obtain an integer k 18 (> k 17 ) with 2! dividing k 18 and 2 · 2 3 pairwise disjoint compact sets K (j,18)
we obtain an integer k 19 (> k 18 ) with 2! dividing k 19 and 2 · 2 3 pairwise disjoint compact sets K (j,19)
⊂ U 2 and 2! divides k 19 .
By applying Lemma 3(2) to the following 2 · 2 4 + 1 sets with nonempty interiors and s = 0
we obtain an integer k 20 (> k 19 ) and 2 · 2 3 pairwise disjoint compact sets K (j,20)
By applying Lemma 3(2) to the following 2 · 2 4 + 1 sets with nonempty interiors and s = 1
we obtain an integer k 21 (> k 20 ) and 2 · 2 3 pairwise disjoint compact sets K (j,21)
By applying Lemma 3(2) to the following 2 · 2 4 + 1 sets with nonempty interiors and s = 2
we obtain an integer k 22 (> k 21 ) and 2 · 2 3 pairwise disjoint compact sets with nonempty interiors K (j,22)
we obtain an integer k 23 (> k 22 ) and 2 · 2 3 pairwise disjoint compact sets K (j,23)
By similar arguments as above with appropriate G s,n 2 (x 1 ) replaced by G s,n 2 (x 1 ), we obtain an integer k 24 (> k 23 ) and 2 · 2 3 pairwise disjoint compact sets K (j,24)
, and an integer k 25 (> k 24 ) and 2 · 2 3 pairwise disjoint compact sets K (j,25)
By arguing as above with x 1 replaced by x 2 , we obtain an integer k 26 (> k 25 ) and 2 · 2 3 pairwise disjoint compact sets K (j,26)
an integer k 27 (> k 26 ) and 2 · 2 3 pairwise disjoint compact sets K (j,27)
an integer k 28 (> k 27 ) and 2 · 2 3 pairwise disjoint compact sets K (j,28)
an integer k 29 (> k 28 ) and 2 · 2 3 pairwise disjoint compact sets K (j,29)
an integer k 30 (> k 29 ) and 2 · 2 3 pairwise disjoint compact sets K (j,30)
On the other hand, for any set J with nonempty interior and any positive integer n, the set f −n (J) is also a set with nonempty interior. Therefore, by applying Lemma 3(2) to the following 2 · 2 4 + 1 sets with nonempty interiors and s = 0
we obtain an integer k 32 + 1 (> k 31 + 1) and 2 · 2 3 pairwise disjoint compact sets K (j,32)
we obtain an integer k 33 + 2 (> k 32 + 2) and 2 · 2 3 pairwise disjoint compact sets K (j,33)
we obtain an integer k 34 + 1 (> k 33 + 1) and 2 · 2 3 pairwise disjoint compact sets K (j,34)
By
we obtain an integer k 35 + 2 (> k 34 + 2) and 2 · 2 3 pairwise disjoint compact sets K (j,35)
Similarly, by arguing as above with x 1 replaced by x 2 , we obtain an integer k 36 + 1 (> k 35 + 1) and 2 · 2 3 pairwise disjoint compact sets K (j,36)
an integer k 37 + 2 (> k 36 + 2) and 2 · 2 3 pairwise disjoint compact sets K (j,37)
an integer k 38 + 1 (> k 37 + 1) and 2 · 2 3 pairwise disjoint compact sets K (j,38)
an integer k 39 + 2 (> k 38 + 2) and 2 · 2 3 pairwise disjoint compact sets K (j,39)
Since, for each α i = 0, 1, 0 ≤ i ≤ 2 and each j = 1, 2, we have K (j,10)
α 0 α 1 α 2 , we can summarize the arguments in the (above) second stage as follows: we obtain an integer k 11 (> n 2 > k 10 ) with 2! dividing k 11 and 2 · 2 3 pairwise disjoint compact sets
α0α1 , α i = 0, 1, 0 ≤ i ≤ 2, j = 1, 2, with nonempty interiors such that each diameter is so smaller than 1/2
5 that the open set
α0α1α2 : α i = 0, 1, 0 ≤ i ≤ 2, j = 1, 2 is nonempty and, for all α i = 0, 1, 0 ≤ i ≤ 2, and j = 1, 2, we have
α0α1α2 , α i = 0, 1, 0 ≤ i ≤ 2, j = 1, 2, by applying Lemma 3 successively and appropriately, we obtain (2 · 2 + 1)
2 + 2 2 = 29 positive integers (k 10 < n 2 <) k 11 < k 12 < · · · < k 38 < k 39 and 2 · 2
By proceeding in this manner indefinitely, at the ℓ th stage for each integer ℓ ≥ 1, we obtain (2ℓ + 1) 2 + ℓ 2 positive integers (let k 0 = 0)
Then, for each integer n ≥ 1, n! (and so, n) divides all sufficiently large positive integers in M.
and, for each j ≥ 1, let K
The j in the superscript of K
α lies in U j . Then, for each α ∈ Σ 2 , since the sequence < K α : α ∈ Σ 2 } is a Cantor set.
For each j ≥ 1, let S (j) = {x (j)
ωα : α ∈ Σ 2 } ⊂ U j . The j in the superscript of S (j) indicates that the set S (j) lies in U j . Then it is easy to see that S (j) is also a Cantor set.
Now it is routine to check that the Cantor sets S (1) , S (2) , S (3) , · · · satisfy all the requirements stated in the theorem. We argue as follows.
For each j ≥ 1 and all ℓ ≥ j, it follows from the definitions of k [(ℓ−1)(10ℓ 2 +7ℓ+6)/6]+(ℓ+1) 2 and the corresponding compact sets (at the ℓ th stage) K (j, (ℓ−1)(10ℓ 2 +7ℓ+6)/6)+(ℓ+1) 2 ) α 0 α 1 α 2 ···α ℓ Case 1. Suppose both c and d belong to S (j) = {x Now suppose f has a fixed point z in X . In the following, we show that f has a dense invariant scrambled set of totally transitive points of f in X which is also an invariant scrambled sets of f n for each n ≥ 2.
Let v 1 = z), a fixed point of f , v 2 (= u) a transitive point of f , and, for each n ≥ 3, let v n = f n−2 (u) (redundant). Let S ′(1) , S ′(2) , S ′(3) , · · · , be the resulting Cantor sets of totally transitive points of f and let S ′ = ∪ ∞ j=1 S ′(j) be the resulting β-scrambled set (with respect to M) of f obtained as above.
This, combined with the above case when t > s ≥ 0 and the above ( † †), implies that the set
is a dense invariant δ-scrambled set (with respect to M) of totally transitive points of f in X . Since, for each n ≥ 1, n divides all sufficiently large positive integers in M, we obtain that S ′′ is a dense invariant δ-scrambled set of f n for each n ≥ 1.
We say that f is (topologically) mixing if, for any nonempty open sets U and V , there exists a positive integer n such that f k (U) ∩ V = ∅ for all k ≥ n. We note that continuous mixing maps have similar results as those for continuous weakly mixing maps except that (1) for continuous mixing maps, the scrambled sets (invariant or not) can be obtained with respect to any given infinite set of positive integers while those for continuous weakly mixing maps are with respect to some infinite sets of positive integers and (2) the points x i 's for continuous mixing maps f have nonempty ω-limit sets instead of having compact orbit closures O f (x i )'s for continuous weakly mixing maps.
In the following, we state the result without proof and refer to ([5, pp. 56-81]) for details. i.e., the set {x, c} is a (
)-scrambled set (not necessarily with respect to M) of f in X .
